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Abstract
We introduce an efficient general method for calculating the self-energies, collective modes, and
dispersion relations of quarks and gluons in a momentum-anisotropic high-temperature quark-gluon
plasma. The method introduced is applicable to the most general classes of deformed anisotropic
momentum distributions and the resulting self-energies are expressed in terms of a series of hyper-
geometric basis functions which are valid in the entire complex phase-velocity plane. Comparing to
direct numerical integration of the self-energies, the proposed method is orders of magnitude faster
and provides results with similar or better accuracy. To extend previous studies and demonstrate
the application of the proposed method, we present numerical results for the parton self-energies
and dispersion relations of partonic collective excitations for the case of an ellipsoidal momentum-
space anisotropy. Finally, we also present, for the first time, the gluon unstable mode growth rate
for the case of an ellipsoidal momentum-space anisotropy.
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I. INTRODUCTION
The evidence for the generation and evolution of a new state of matter called the quark-
gluon plasma (QGP) has been provided by heavy-ion collision experiments performed at
RHIC and LHC. There are many interesting questions about the thermodynamics, transport
properties, structure of the phase diagram, and the characteristics of the phase transitions at
the various evolution stages of such an extreme but short-lived system [1–3]. The interactions
of quark and gluon degrees of freedom play the main role in the realization of the properties
of the QGP and its evolution. Non-perturbative aspects of the strong and intermediate
coupling regimes of quantum chromodynamics (QCD) make it difficult to be used directly
for the phenomenological studies of heavy-ion collisions and QGP. As a result, the current
theoretical understanding of QGP is mostly based on lattice QCD [4], hard-(thermal)-loop
perturbation theory [5–7], effective hydrodynamic models [8–10], AdS/CFT inspired dual
descriptions of the QGP [11, 12], etc.
In the course of the last decades, researchers have come to learn that the QGP, as created
in the heavy-ion collisions experiments, is most likely neither in perfect kinetic nor chemical
equilibrium. In particular, one finds that the deviations from momentum-space isotropy
are quite large, especially at early times after the nuclear impact and/or in the dilute re-
gions of the QGP [10, 13]. Hard-loop perturbation theory can be generalized to incorporate
such non-equilibrium effects, where an effective phase-space description of a semi-classical
partonic medium can be provided by considering certain classes of non-equilibrium mo-
mentum distribution functions [14]. In this framework, the non-equilibrium dynamics of a
non-equilibrium plasma can be described in terms of collective excitations of the gluon and
quark degrees of freedom, namely color plasmon and plasmino quasiparticles.
The dispersion relations for the non-equilibrium collective modes of QGP can be de-
duced from the singularities of the dressed propagators of the partonic quasiparticles. Their
self-energies modify their bare masses due to medium effects within the plasma and, in a
momentum-space anisotropic QGP, depend explicitly on their direction of propagation. The
self-energies and dispersion relations for QGP partons possessing a generic anisotropy of mo-
mentum distributions has been calculated by Mro´wczyn´ski and Thoma, where they showed
the equivalence of the results obtained from kinetic transport and hard loop effective theories
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[15].1 Subsequently, Romatschke and Strickland introduced a convenient parameterization
of the momentum anisotropy of the QGP using an anisotropic deformation of the argument
of the isotropic (equilibrium) distribution functions [16, 17]. Using this parameterization,
the collective modes of a QGP with a spheroidal momentum anisotropy with one anisotropy
parameter were calculated for both gluons [16–18] and quarks [19]. It was shown in these
prior works that, in a momentum-space anisotropic QGP, the gluon excitations possess un-
stable modes related to the so-called chromo-Weibel instability [20]. This description has
been also used to study various aspects of a momentum-space anisotropic QGP. In particu-
lar, the effects of unstable modes on the thermalization and isotropization of the QGP [20],
photon and dilepton production from the QGP [21, 22], the QGP heavy quark potential [23],
and bottomonia suppression [24] have been previously studied, for example. In addition, the
introduction of anisotropic momentum distribution functions to relativistic hydrodynamic
models has provided a successful description of QGP evolution between the hydronization
and hadronization stages [10, 25].
Previous studies of the collective phenomena in a momentum-space anisotropic QGP have
mostly addressed the special case of spheroidal anisotropy specified by one direction and one
anisotropy parameter. However, additional effects are expected to arise in more general cases
and the introduction of additional anisotropy parameters is necessary to provide a better
characterization of QGP properties, evolution, and observables. In particular, calculating
the photon production rates of a QGP with ellipsoidal momentum anisotropy, where two
independent anisotropy parameters are considered, might be useful in characterization of
the elliptic flow of photons and dileptons. In a previous paper, the calculation of the quark
self-energy for an ellipsoidally anisotropic QGP was addressed [26]. However, most of the
methods for those calculations have been case-specific, time-consuming, and even in some
cases intractable. In this paper, we introduce an efficient and general method for the calcu-
lation of quark and gluon self-energies which is applicable to all relevant forms, strengths of
momentum anisotropy, propagation directions, and complex phase velocities.
This paper is organized as follows: The description of a momentum-anisotropic QGP, the
quark and gluon hard-loop self-energies in such a system, and the parameterization of the
momentum anisotropic distribution functions are addressed in Sec. II, where a generalized
1This was done at leading order in the strong coupling constant with the only requirement being that the
distribution function be reflection-symmetric in momentum-space, f(p) = f(−p).
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approach to the anisotropy parameterization also extends the prior literature. In Sec. III,
two choices of plasma and parton coordinate systems are introduced, where the simplicity
of the parton frame for calculational purposes is demonstrated. In Sec. IV an efficient
and general method for the calculation of the self-energy integrals is proposed which uses
the information contained solely in the imaginary part of the self-energy in a finite real
interval to extract both the real and imaginary parts in the entire complex plane as a
weighted sum of hypergeometric functions. The piecewise version of this method is also
addressed. The results for the quark and gluon self-energies and dispersion relations in an
ellipsoidally anisotropic QGP, calculated using the proposed method, are presented in Sec. V.
The dispersion curves of the real stable modes for quarks and gluons and the imaginary
unstable modes of the gluons are plotted and compared to the spheroidally-anisotropic case.
The concluding remarks and an outlook for future studies are given in Sec. VI. In App. A,
a method to obtain analytic results for the imaginary parts of the self-energy is presented
and an example analytic result is given. Various properties of the basis functions used in
the body of the text and their recursive relations etc. are presented in App. B.
II. MOMENTUM ANISOTROPIC QUARK-GLUON PLASMA
The propagator of a quark or gluon with four-momentum K = (ω,k) in a hot and
anisotropic medium is modified by interactions with the massless partonic degrees of freedom
with four-momentum P = (p,p). The hard-loop gluon self-energy (polarization) tensor in a
non-equilibrium QGP can be written as [15]
Πµν(k) = g2
∫
d3p
(2pi)3
pµ
Ep
∂f(p)
∂pλ
[
ηλν − k
λpν
pσkσ + i0+
]
, (1)
where g is the strong coupling constant, ηλν = diag(1,−1,−1,−1) is the Minkowski space
metric tensor, and f(p) is the effective one-particle distribution function which will be
specified later. The gluon self-energy tensor is transverse to the gluon momentum
kµΠ
µν = 0 , (2)
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and, as a result, its space-like components can be used to construct the full four-tensor.
Assuming massless partons (Ep = |p|), the spatial part of this tensor can be written as
Πij(k) = −g2
∫
d3p
(2pi)3
vi
∂f(p)
∂pl
[
δjl +
klvj
ω − k.v + i0+
]
. (3)
Similarly, the hard-loop quark self-energy in a non-equilibrium QGP is [15]
Σ(K) =
g2CF
4
∫
d3p
(2pi)3
f(p)
|p|
γ0 + v.γ
ω − k.v + i0+ , (4)
where the γµ = (γ0,γ) are the Dirac matrices and the color factor CF = (N
2
c − 1)/(2Nc)
is the quadratic Casimir in the fundamental representation. We note that, in this context,
it is useful to define the components of a quark self-energy four-vector Σµ = (Σ0,Σ) with
Σ = γµΣ
µ.
In the self-energy integrals (3) and (4), the effective non-equilibrium parton momentum
distribution functions are
f(p) =
 2Ncng(p) +Nf
[
nq(p) + nq¯(p)
]
for the gluon self-energy integral ,
2ng(p) +Nf
[
nq(p) + nq¯(p)
]
for the quark self-energy integral ,
(5)
where ng(p), nq(p), and nq¯(p) are gluon, quark, and antiquark number densities, respec-
tively, and Nc and Nf are the number of colors and quark flavors, respectively.
A general method for introducing anisotropic momentum distribution functions f(p) is to
make a transformation of the argument of an isotropic momentum distribution fiso(p = |p|)
to deform them into
f{α}(p) = fiso
( |p|
Λ({α}) H
(
vˆ; {α})) , (6)
where Λ is a temperature-like momentum scale, the anisotropic transformation function
H
(
vˆ; {α}) depends on the momentum unit vector vˆ in spherical coordinates confined to
the surface of a unit-sphere Ω ≡ (θ, φ) and we have introduced a set of parameters {α}
which specify the form and strength of the anisotropy. In Eq. (6) we have indicated that Λ
can depend on the parameters {α} in order to allow for generalized matching of the energy
density, number density, etc. if required [27]. When it is clear, we will omit the specification
of the set {α}. The function H(vˆ) should return a real-valued positive number in order to
guarantee that the argument of fiso(x) is positive and that the distribution function is real
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valued. For a direction vˆ, this transformation induces an expansion of the iso-surfaces of
the isotropic distribution for that direction if 0 < H(vˆ) < 1, or induces their contraction if
H(vˆ) > 1.
One widely used special case of the transformation above is that of a spheroidal mo-
mentum deformation introduced originally by Romatschke and Strickland [16]. It is defined
using a single anisotropy direction nˆ and parameter ξ as
Hs(vˆ; {ξ, nˆ}) =
√
1 + ξ(nˆ · vˆ)2 . (7)
For a QGP with an ellipsoidal momentum anisotropy and two independent anisotropy di-
rections nˆ1 and nˆ2, one can generalize (7) to
He(vˆ; {ξ1, ξ2, nˆ1, nˆ2}) =
√
1 + ξ1(nˆ1 · vˆ)2 + ξ2(nˆ2 · vˆ)2 . (8)
This can be further generalized to a quadratic form, also known as the generalized Romatschke-
Strickland parameterization, where a tensor Ξµν defines the anisotropic transformation [28,
29]
HΞ(vˆ; Ξ
µν) =
√
vµΞµνvν with v
µ = (1, vˆ) . (9)
With a general anisotropy function H(θ, φ) > 0, the quark self-energy (4) takes the form
Σ(K) = m2q
∫
dΩ
4pi
1
[H(θ, φ)]2
γ0 + vˆ · γ
ω − kˆ · vˆ + i0+ , (10)
with the quark effective mass defined by
m2q =
g2CF
8pi2
∫ ∞
0
dp p fiso(p/Λ) . (11)
For a quadratic momentum anisotropy defined by HΞ(θ, φ), we can also rewrite the com-
ponents of the gluon polarization tensor (3) as 2
Πij(K) = m2D
∫
dΩ
4pi
vi
W l
[HΞ(θ, φ)]
4
[
δjl +
klvj
ω − kˆ · vˆ + i0+
]
, (12)
2We have yet to find an equivalent expression for a general anisotropic deformation.
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with the gluon Debye mass defined as
m2D = −
g2
2pi2
∫ ∞
0
dp p2
dfiso(p/Λ)
dp
, (13)
and
W l =
(
Ξ00 + Ξll +
Ξ0l + Ξl0
2
vl
)
vl +
Ξ0l + Ξl0
2
+
∑
r 6=l
Ξrl + Ξlr
2
vr . (14)
III. PLASMA AND PARTON COORDINATE SYSTEMS
In order to calculate the integrals (10) and (12) for general vˆ, one needs to specify
an appropriate choice of coordinate system. One choice is to define the polar angle θ by
x = cos θ = kˆ · vˆ and the azimuthal angle φ in the plane defined by θ = pi/2. In this
case, the integration variables used to calculate the self-energies of a parton are defined
relative to the direction of the parton momentum. The benefit of this definition is that it
becomes straightforward to see that the integrand has a single first-order pole at x = z + i
where z ≡ ω/k is the phase space velocity (speed). In practice, for an expanding QGP one
may consider a time-varying description of the anisotropic momentum distributions defined
for the whole or a local region of the plasma. Then, it is useful to rotate the calculated
self-energies from parton-specific coordinates to the plasma coordinates.
For the case of ellipsoidal anisotropy, if we consider nˆ′1 = (0, 0, 1), nˆ
′
2 = (1, 0, 0), and
kˆ′ = (sin θk cosφk, sin θk sinφk, cos θk) to define the anisotropy and parton momentum
vectors in the plasma primed coordinates, then in the coordinates defined for that parton
we have
kˆ = (0, 0, 1) , (15)
nˆ1 = (0, − sin θk, cos θk) , (16)
nˆ2 = (sinφk, cos θk cosφk, sin θk cosφk) , (17)
vˆ = (sin θ cosφ, sin θ sinφ, cos θ) . (18)
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IV. CALCULATION METHOD FOR ANISOTROPIC SELF-ENERGIES
As mentioned in the previous section, the pole of the integrand of the self-energies (3)
and (4) has the simplest form in the coordinate system specified by the external parton,
where the polar angles of the internal hard-loop partons are defined relative to the direction
of external parton momentum k. Since H(x ≡ cos θ, φ) has no zeros on the surface of
the unit sphere defined by (x, φ), using the Sokhotski-Plemelj theorem [30], infinitesimally
close to the real axis, the imaginary part of the self-energies can be determined by a simple
one-dimensional integration over φ
Im[Σ(z)] = −m2q Θ(1− z2)
∫ 2pi
0
dφ
4k
γ0 + vˆ · γ
[H(z, φ)]2
, (19)
for quarks, and
Im[Πij(z)] = −m2D Θ(1− z2)
∫ 2pi
0
dφ
4k
viklvj
[HΞ(z, φ)]
4 W
l , (20)
for gluons, where Θ(x) is the unit step (Heaviside) function.
The integrals (19) and (20) can be calculated numerically without any complications,
because the integrands are non-singular and the integration region is bounded. In Appendix
A, we also provide a method to obtain analytic results for these kinds of integrations for a
general class of deformations H(vˆ; {α}), and there we give an example result for the case of
spheroidal anisotropy. However, in general, the analytic results can possess a large number
of terms which makes their evaluation time-consuming and impractical to use. In plasma
coordinates (primed), it may be possible to obtain simpler analytic forms for the first step
integrations over φ′ as was done in our previous paper [26], however, the second integration
over x′ variable remains non-trivial, with multiple parametric poles and branch cuts.
The real part of the self-energy integrals can be calculated directly as the numerical prin-
cipal value of the singular integrands with first-order poles. However, due to the singularity
and the necessity of obtaining the result in a large range of z, this procedure is not efficient
enough for practical use. To proceed, we introduce an efficient method to determine the real
parts of self-energies based solely on the numerical calculation of the imaginary parts from
Eqs. (19) and (20). This alternative method lacks the complications related to numerical
8
integration of singular functions, and allows one to obtain results in times which are orders
of magnitude less than the direct numerical integration and with no loss of accuracy. This
method provides, not only numerical values, but also analytic formulae for the real parts of
self-energy applicable to all values of the complex phase velocity z. This method is based
on the fact that the real part of the self-energy, e.g. quark self-energy, can be written as
Re[Σ(z)] = −
∫ 1
−1
dx
pi
Im[Σ(x)]
z − x+ i0+ . (21)
Based on this expression, if an accurate approximation of Im[Σµ(x)] in the interval x ∈ [−1, 1]
can be found as a series in terms of some basis functions rn(x), i.e.
Im[Σµ(x)] ≈
nmax∑
n=0
cµn rn(x) , (22)
and provided that the integral In(z) =
∫ 1
−1 dx
rn(x)
z−x+i0+ has a simple analytic form, the real
part can be written as
Re[Σµ(z)] ≈ − 1
pi
nmax∑
n=0
cµn Re[In(z)] . (23)
In particular, if a finite polynomial series can well-approximate the imaginary part, setting
rn(x) = x
n, one has
In(z) =
∫ 1
−1
dx
xn
z − x+ i0+ =
2F1(1, 1 + n, 2 + n,−1/z) + (−1)n 2F1(1, 1 + n, 2 + n, 1/z)
(1 + n)z
,
(24)
where 2F1 is the hypergeometric function. In Appendix B, we present recursive relations
for the In(z) functions, their large z behavior, and some useful relations obeyed by the
underlying hypergeometric functions. Note that the basis functions In(z) are valid for the
calculation of the self-energies at all points of the complex plane.
The approximating series, the basis functions, the maximum order, and the coefficients
of the expansion are not unique. Indeed, the approximation of the imaginary part can be
piecewise or even pointwise. In the case of a piecewise approximation, the interval x ∈ [−1, 1]
is divided to sub-intervals [xi, xi+1], and for each sub-interval a set of coefficients {cµ,(i)n } need
to be found to approximate the values of Im[Σµ(x)] for x ∈ [xi, xi+1] using the basis functions
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rn(x). Then, with x0 = −1 and xm+1 = 1,
Re[Σµ(z)] ≈ − 1
pi
m∑
i=0
n
(i)
max∑
n=0
cµ,(i)n Re[I
(i)
n (z)] . (25)
In the case of polynomial/hypergeometric basis functions for the piecewise approximation
of imaginary/real parts of self-energy integrals, one can use
I(i)n (z) =
∫ xi+1
xi
dx
xn
z − x+ i0+
=
xi 2F1(1, 1 + n, 2 + n, xi/z) − (xi+1)n+1 2F1(1, 1 + n, 2 + n, xi+1/z)
(1 + n)z
. (26)
Using a piecewise approximation can in general reduce the maximum order of the basis
functions, but since the total number of coefficients increases with the number of sub-
intervals, there is a trade-off between the number of sub-intervals and the maximum order.
In the particular case of ellipsoidal anisotropy, we obtained desirable accuracy and speed of
computation by fitting only in the single interval [−1, 1]. On the other extreme side, one may
use a pointwise approximation of the imaginary part, which requires only the zeroth-order
basis functions. However, in the pointwise method the number of terms in the approximating
function will be large, and the computational speed will be reduced to the case of a direct
numerical integration using a typical quadrature method.
Summarizing, for a given component of the quark self-energy, the standard hypergeomet-
ric expansion method consists of evaluating the imaginary part of said self-energy component
in the real space-like region z ∈ [−1, 1] where the integrals are straightforward to evaluate
and then numerically fitting the result to extract a finite set of polynomial coefficients cµn.
Once these coefficients are extracted, the result for both the real and imaginary parts can
be well-approximated in the entire complex plane using the hypergeometric basis function
expansion. In practice, we find that 20 coefficients provide results with a relative error of
less than 10−6 in the entire complex plane even for extremely anisotropic distributions. For
weakly anisotropic distributions, even fewer coefficients are required to achieve the same
accuracy.
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In the same way, the real part of the gluon self-energy can be calculated as
Re[Πij(z)] = Πij0 + Π
ij
k (z) (27)
= m2D
∫
dΩ
4pi
vi
W l(θ, φ)
[HΞ(θ, φ)]
4 δ
jl −
∫ 1
−1
dx
pi
Im[Πij(x)]
z − x+ i0+
≈ m2D
∫
dΩ
4pi
vi
W j(θ, φ)
[HΞ(θ, φ)]
4 −
1
pi
nmax∑
n=0
cijn Re[In(z)] ,
with the cijn coefficients being calculated by fitting the expansion of the imaginary part of
the gluon self-energy as
Im[Πij(x)] ≈
nmax∑
n=0
cijn rn(x) . (28)
V. RESULTS
In this section we calculate the quark and gluon self-energies for a QGP with an ellip-
soidal momentum anisotropy in several cases, including special cases of an isotropic and
spheroidally anisotropic QGP. We also present plots of the dispersion relations ω(k) for the
quark and gluon collective modes and present the growth rate γ(k) for unstable gluon modes
for some specific values of the anisotropy parameters and propagation direction. Note that
all results presented in this section are scaled by dividing by the quark or gluon effective
mass scales m2q and m
2
D defined in Eqs. (11) and (13).
A. Quark self-energies and collective modes
The quark self-energy in an ellipsoidally-anisotropic QGP is
Σ(z; {ξ1, ξ2, nˆ1, nˆ2}) =
m2q
4pik
∫ 1
−1
dx
∫ 2pi
0
dφ
1
1 + ξ1(nˆ1 · vˆ)2 + ξ2(nˆ2 · vˆ)2
γ0 + vˆ · γ
z − x+ i0+ . (29)
With the choice of parton coordinates as defined in Sec. III, the ellipsoidal anisotropy func-
tion with parameters {θk, φk, ξ1, ξ2} contains
ξ1(nˆ1 · vˆ)2 + ξ2(nˆ2 · vˆ)2 = ξ1
(
cos θk x− sin θk sinφ
√
1− x2)2
+ ξ2
(
sin θk cosφk x+ cos θk cosφk
√
1− x2 sinφ+ sinφk
√
1− x2 cosφ)2 . (30)
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For the special case of an isotropic QGP, ξ1 = ξ2 = 0, the analytic result for real z is
Σ0(z,k) =
m2q
2k
[
log
∣∣∣∣z + 1z − 1
∣∣∣∣− ipiΘ(1− z2) ] , (31)
Σ(z,k) =
m2q
2k
[
−2 + z log
∣∣∣∣z + 1z − 1
∣∣∣∣− ipizΘ(1− z2) ] kˆ . (32)
For a momentum-anisotropic QGP, it is possible to obtain analytic results for the imag-
inary parts of the parton self-energies by integrating over φ using the residue theorem or
the fraction splitting method. In App. A, we present analytic results for the imaginary part
of the quark self-energy as an example. The analytic result for the case of an ellipsoidal
anisotropy has a very large number of terms and their evaluation becomes time-consuming.
The integration method using the hypergeometric expansion proposed in Sec. IV provides
fast and accurate results for the integrals of self-energies for all types and strengths of
anisotropy, valid for all complex values of (ω,k). In all results reported in the remainder of
the paper, we used the hypergeometric expansion method.
In Fig. 1, we plot the real and imaginary parts of Σ˜µ(z) ≡ k2Σ(z,k)/(kµm2q) in the
plasma coordinate system where kµ = k(1, sin θk cosφk, sin θk sinφk, cos θk) is the quark four-
momentum. The left and right columns show the imaginary and real parts, respectively. The
four lines in each panel show different values of the azimuthal anisotropy strength parameter
ξ2 in the ellipsoidal parameterization, with the values of ξ1, θk, φk held fixed. The rows from
top to bottom show Σ˜0, Σ˜x, Σ˜y, and Σ˜z, respectively. As can be seen from these plots, the
method yields high accuracy results even in the vicinity of z = 1 where there is a logarith-
mic cusp. As further evidence of the reliability of the hypergeometric expansion method, in
Fig. 2 the quark self-energy components are shown for a highly anisotropic plasma where
ξ1 = 120 and ξ2 ∈ {25, 50, 100}. The results with several values of φk ∈ {0, pi/6, pi/3, pi/2},
with other parameters held fixed, are shown in Fig. 3. Figs. 2 illustrates the reliability of
the method even in the case of extreme momentum anisotropy and Fig. 3 demonstrates the
explicit dependence of the quark self-energy on the azimuthal angle when ξ2 6= 0.
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FIG. 1. The real and imaginary parts of Σ˜0, Σ˜x, Σ˜y, and Σ˜z as a function of ω/k for ξ1 = 20,
θk = pi/3, φk = pi/4, and ξ2 = {−0.5, 0, 3, 12}.
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FIG. 2. The real and imaginary parts of Σ˜0, Σ˜x, Σ˜y, and Σ˜z as a function of ω/k for ξ1 = 120,
θk = pi/3, φk = pi/4, and ξ2 = {25, 50, 100}.
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FIG. 3. The real and imaginary parts of Σ˜0, Σ˜x, Σ˜y, and Σ˜z as a function of ω/k for ξ1 = 20,
θk = pi/3, ξ2 = 12, and φk = {0, pi/6, pi/3, pi/2}.
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The dispersion relations for the quark collective modes in a QGP are given by the roots
of the characteristic equation
[
ω − Σ0(ω,k)]2 − [k−Σ(ω,k)]2 = 0 . (33)
Solving Eq. (33) for ω(k), the dispersion relations for the quark collective modes for isotropic,
spheroidally-anisotropic, and ellipsoidally-anisotropic momentum distributions are plotted
in Fig. 4. For each of these three cases, there are only two stable (real ω) and no unstable
quark collective modes (imaginary ω = iγ). This agrees with the findings of Ref. [19].
However, the dispersion relations for the collective modes in an anisotropic QGP naturally
depend on the direction of the quark momentum which includes azimuthal angle dependence
in the case of an ellipsoidally-anisotropic QGP.
Ξ1 = 10 Ξ2 = 5
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Ξ1 = 0 Ξ2 = 0
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FIG. 4. Dispersion relations for the quark collective modes in isotropic (ξ1 = ξ2 = 0), spheroidally-
anisotropic (ξ1 = 10, ξ2 = 0), and ellipsoidally-anisotropic (ξ1 = 10, ξ2 = 5) mediums, for θk = pi/3
and φk = pi/6.
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B. Gluon self-energies and collective modes
The components of the gluon self-energy in an ellipsoidally-anisotropic QGP can be ob-
tained from
Πij(ω,k) = m2D
∫
dΩ
4pi
vi
vl + ξ1(n1 · v)nl + ξ2(n2 · v)nl(
1 + ξ1(n1 · v)2 + ξ2(n2 · v)2
)2 [δjl + klvjω − k · v + i0+
]
. (34)
Since Πij is a symmetric three-tensor, there are six independent components of Πij(ω,k).
In Fig. 5 we plot the imaginary parts of independent components of Π˜ij ≡ Πij/m2D for
different values of the second anisotropy strength parameter ξ2 of ellipsoidal parameterization
with the values of ξ1, θk, φk held fixed. The corresponding real parts are shown in Fig. 6.
The results of variation of φk, with other parameters held fixed, are shown in Figs 7 and 8.
The gluon collective modes can be obtained from the roots of the characteristic equation
det[(k2 − ω2)δij − kikj − Πij] = 0 , (35)
With the choice of the parton coordinate system where k = (0, 0, k), this simplifies to
Π13
[
(ω2 − k2)Π13 + Π22Π13 − Π12Π23
]
+ Π23
[
(ω2 − k2)Π23 + Π11Π23 − Π13Π21
]
− (Π33 + ω2) [(k2 − ω2 − Π11) (k2 − ω2 − Π22)− Π212] = 0 . (36)
The dispersion relations for the gluon collective modes, obtained by numerically solving
Eq. (36), are shown in Fig. 9 for two cases with spheroidal and ellipsoidal momentum
anisotropy. We find that there are three stable modes (with real ω) in each case. The
number of unstable modes (with imaginary ω = iγ) depend on the direction of the gluon
momentum. With the introduction of the second parameter of anisotropy ξ2, the unstable
modes growth rates depend strongly on φk, and for some directions they can grow several
times larger than in the case of the spheroidal anisotropy.
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FIG. 5. The imaginary parts of Π˜11, Π˜12, Π˜13, Π˜22, Π˜23, and Π˜33 as a function of ω/k for ξ1 = 20,
θk = pi/3, φk = pi/4, and ξ2 = {−0.5, 0, 3, 12}.
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FIG. 6. The real parts of Π˜11, Π˜12, Π˜13, Π˜22, Π˜23, and Π˜33 as a function of ω/k for ξ1 = 20,
θk = pi/3, φk = pi/4, and ξ2 = {−0.5, 0, 3, 12}.
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FIG. 7. The imaginary parts of Π˜11, Π˜12, Π˜13, Π˜22, Π˜23, and Π˜33 as a function of ω/k for ξ1 = 20,
θk = pi/3, ξ2 = 12, and φk = {0, pi/6, pi/3, pi/2}.
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FIG. 8. The real parts of Π˜11, Π˜12, Π˜13, Π˜22, Π˜23, and Π˜33 as a function of ω/k for ξ1 = 20,
θk = pi/3, ξ2 = 12, and φk = {0, pi/6, pi/3, pi/2}.
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FIG. 9. Dispersion relations for gluon collective modes for mediums with spheroidal (ξ1 = 10, ξ2 =
0) and ellipsoidal (ξ1 = 10, ξ2 = 5) momentum anisotropy. The unstable modes (imaginary ω = iγ)
in the ellipsoidally anisotropic case depend on φk.
VI. CONCLUSIONS AND OUTLOOK
In this paper we discussed collective excitations in a momentum-anisotropic quark-gluon
plasma. We introduced an efficient method for calculating both the quark and gluon self-
energies which is applicable to most types of anisotropic distribution functions, to all ranges
of the strength of such anisotropies, and to all values of momentum and complex energy.
This method exploits the smoothness and boundedness of the imaginary parts of the space-
like self-energies and, with a proper choice of the coordinate system, combines a fit-based
series expansion of the imaginary part results with analytically available integrals in order to
extract the results for the singular integrals of the real parts of the self-energies as a weighted
sum of a class of basis functions e.g. hypergeometric functions. Because the integrands of
the imaginary parts are smooth and non-singular, their direct numerical calculation is fast
and straightforward. When available, one can also use analytic results for this first step of
the calculation. A method to extract analytic results for the imaginary parts of self-energies
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in anisotropic mediums, with a few examples, was also introduced in an appendix to this
paper. Using the fitting method, the imaginary part can be approximated by a finite-order
polynomial in the phase velocity. The coefficients resulting from such an expansion, when
multiplied by the appropriate hypergeometric basis functions, allow one to compute both
the real and imaginary parts of the parton self-energies in the entire complex phase-velocity
plane.
To demonstrate the application of the proposed method, and to also extend the results
of previous works, several results for the parton self-energies and dispersion relations in
a QGP with ellipsoidal momentum anisotropy were provided in this paper. The results
possess the full direction dependence of collective excitations in an ellipsoidally-anisotropic
QGP characterized by two anisotropy directions and strengths. These results are relevant to
the phenomenological studies of various physical aspects of QGP. In particular, the space-
like quark self-energy enters the calculation of real and virtual photon production rates
from a QGP in the hard-loop framework [21, 22, 31]. The unstable gluon modes play
an important role in the thermalization of a weakly-coupled QGP [20]. The gluon self-
energies are also relevant to the studies of bound states in a hot QGP [23, 32–34], the heavy
quark potential, and quarkonia suppressions [24, 35–37]. The method introduced in this
paper, provides an efficient way to extract parton self-energies to be used in such secondary
calculations of physical observables where, in most cases, an extremely large number of self-
energy evaluations becomes necessary. Comparing to conventional numerical integration
methods, the method introduced here was always more than 1000 times faster, with no loss
of accuracy. The computational gains can be further enhanced by tabulating the coefficients
determined by fits to the imaginary part of the various self-energies and interpolating them
in momentum-deformation parameter space. Using such coefficient interpolations, one can
compute the necessary self-energies in the entire complex plane approximately 109 times
faster than direct numerical integration.
In future works, various phenomenological aspects of QGP with two independent anisotropy
directions and strength parameters can be studied, including photon and dilepton produc-
tion, color plasma instabilities, and bound states in the QGP. The results of this paper
can be extended in a similar way to even more general anisotropic momentum distribution
functions, e.g. by including off-diagonal terms in the quadratic anisotropy parameterization
(9).
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Appendix A: Analytic results for imaginary parts of self-energies
Using a fraction splitting method, one can obtain analytic results for the imaginary parts
of the self-energy integrals. In the cases where the integrals (19) and (20) over φ can be
written as ∫ 2pi
0
dφ
∑
mCm sin
m φ+Dm cos
m φ∑
nAn sin
n φ+Bn cosn φ
. (A1)
By substituting 1−sin2 φ for all factors of cos2 φ in terms of order n > 1 in the denominator,
Eq. (A1) can be written as
∫ 2pi
0
dφ
∑
mCm sin
m φ+Dm cos
m φ∑
nEn sin
n φ+ Fn cosφ sin
n φ
. (A2)
Multiplying both the numerator and denominator of Eq. (A2) by
∑
nEn sin
n φ−∑n Fn cosφ sinn φ,
gives even-only orders of cosφ in the denominator. By repeating cos2 φ → 1 − sin2 φ, the
denominator becomes a polynomial of the variable sinφ. By factorizing this polynomial
using its roots al (which are not in the real interval [−1, 1]), and then splitting the product
of fractions to a sum of fractions, the integral over φ can be written as
∑
l,m,n
Gl,m,n
∫ 2pi
0
dφ
eimφ
(sinφ− al)n . (A3)
The integrals Rl,m,n =
∫ 2pi
0
dφ e
imφ
(sinφ−al)n in Eq. (A3) can be evaluated analytically.
For example, for zero component of the imaginary part of quark self-energy we have the
closed from
Im{Σ0(z)} = −m
2
q
4k
Θ(1− z2)
2ξ
√
−1
ξ
sin θk
√
1− z2
[
S(a+)− S(a−)
]
, (A4)
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with
S(a) = −
2pi
√
a2
a2−1
a
, a± =
z cot θk√
1− z2 ± csc θk
√
− 1
ξ (1− z2) ,
where Θ(x) denotes the Heaviside (step) function.
Appendix B: Basis functions In(z)
When expanding the self-energy integrals for general z we used the basis functions
In(z) =
∫ 1
−1
dx
xn
z − x
=
2F1(1, 1 + n, 2 + n, 1/z) + (−1)n 2F1(1, 1 + n, 2 + n,−1/z)
(1 + n)z
. (B1)
For these basis functions, there is a simple recursion relation
In+1(z) = z In(z)− 1 + (−1)
n
n+ 1
; for n > 0 . (B2)
A few first orders of these functions are
I0(z) = log
(
1 + z
1− z
)
, (B3)
I1(z) = z log
(
1 + z
1− z
)
− 2 , (B4)
I2(z) = z
2 log
(
1 + z
1− z
)
− 2z . (B5)
At any order, such expressions can also be obtained using the following identity
2F1(1, 1 + n, 2 + n, x) = −n+ 1
xn+1
[
log(1− x) +
n∑
m=1
xm
m
]
. (B6)
For large values of z, the approximation below can be very useful
In(z) ≈ 1
(n+ 1)z
[
(−1)n
(
1− n+ 1
(n+ 2)z
)
+
(
1 +
n+ 1
(n+ 2)z
)]
. (B7)
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